INTRODUCTION
Our goal is to investigate the asymptotic topology of orbits of flows on manifolds. The asymptotic homology of orbits was studied by Sol Schwartzman in [S] . The (real) homology class of a closed orbit in a manifold M may be computed by choosing a set of closed 1-forms representing a basis of real cohomology, and then integrating the forms over the orbit. Schwartzman defined the asymptotic homology class of any (possibly nonclosed) orbit as the asymptotic time average of the integrals of these 1-forms. For measure-preserving flows, existence almost everywhere of these averages is given by Birkhoff's ergodic theorem.
In order to extend this method to the study of asymptotic homotopy, one needs first of all the "IH1 de Rham theorem" of Chen [C2] and Sullivan [Sul] . We present in ?3 a simple proof of a version of the theorem. The theorem states that the "nilpotent torsion free part" of the homotopy class of a closed orbit may be computed in terms of iterated integrals of appropriate 1-forms on M. We consider these 1-forms to be the components of a Lie algebra valued 1-form on M. Then the iterated integrals give the coordinates of a curve in the Lie group, which is an "antiderivative" or "Lie integral" (i.e., product integral) of the curve in the Lie algebra obtained by evaluating the form along the orbit.
We next define the asymptotic homotopy of an orbit in terms of asymptotic averages of such Lie integrals. At present our theory of asymptotic limits applies to the integration along a curve on a manifold of any 1-form taking values in any 2-step nilpotent Lie algebra (this restriction is explained in ?5). The appropriateness of our definitions and theory is supported by showing how the formal properties of asymptotic homotopy are parallel to the formal properties of asymptotic homology. (Propositions 5.1-5.7 parallel Propositions 2.1-2.7.) We also introduce a "homotopy foliation" to exploit the global character of asymptotic homotopy, which necessarily arises since HI (M, p) and HI (M, q) are only identifiable up to conjugacy.
The generalization of Birkhoff's ergodic theorem to this context (Lie algebra valued functions) has not been studied, so we restrict our applications to cases where we can demonstrate the existence of these limits either by using Birkhoff's ergodic theorem, or by making a direct computation. For example, in ?5 we give a proof of the rigidity of nilflows on 2-step nilmanifolds. In Example 8.1, we compute the asymptotic homotopy of geodesic flows for Heisenberg manifolds and then use this computation to distinguish certain geodesic flows up to topological conjugacy. As a further example, we compute the asymptotic homotopy of measure-preserving flows on the Heisenberg manifold which are lifts of toral flows (Theorem 8.1). We can then distinguish up to topological equivalence certain of these flows which are indistinguishable using asymptotic homology (Theorem 9.1, Example 9.1). David Fried's theory of homology directions [Fr] , which can be considered as a "projectivization" of asymptotic homotopy cycles, gives significant information about cross-sections to flows even in cases where a given orbit may have nonunique homology directions. We may therefore expect our theory to be of interest even in cases where unique asymptotic homotopy cycles fail to exist (for homotopy directions see the end of ? 5).
Asymptotic homology has also been applied to study Hamiltonian mechanics, the continuous eigqnfunctions of measure-preserving flows (Schwartzman [S] , Arnold and Avez [AA, p. 147]), the asymptotic linking of orbits in R3 (Arnold [A] , Michael Freedman and Zheng-Xu He [FH] ), and the structure of the group of measure-preserving homeomorphisms (Fathi [Fa] ). Also the rotation vectors of maps of the torus which are homotopic to the identity (for recent work see [F, FM, LM, MZ] ) can be considered as the asymptotic homology of the suspension flow on T3 . Asymptotic homotopy cycles may be expected to be of use in these matters as well.
In ?2, we review asymptotic homology. In ?3, we describe the Malcev completion, Lie integrals, and iterated integrals, and state and give a new proof of a version of the H1-de Rham Theorem. In ?4, we define and give the properties of asymptotic limits and averages in 2-step connected, simply connected, nilpotent Lie groups. In ?5, we define and give the formal properties of asymptotic homotopy. As an application we give a new proof of the classification theorem for nilflows on 2-step nilmanifolds. In ?6, we discuss the homotopy foliation. In ?7, we describe the measure-preserving flows on Heisenberg manifolds, and then we single out those that lift from flows on the torus. In ?8, we compute the asymptotic homotopy of these lifted flows, while, in ?9, we use asymptotic homotopy to distinguish certain of these flows up to topological equivalence. In ?8 we also compute the asymptotic homotopy of geodesic flows for Heisenberg manifolds.
Conventions. Unless otherwise noted, all manifolds and 1-forms are taken to be smooth, and "lim" denotes the limit as t -* oo.
ASYMPTOTIC HOMOLOGY
In this section we restate without proof some of Sol Schwartzman's results [S] on asymptotic homology cycles in a form which anticipates the generalization to asymptotic homotopy cycles presented in this paper. In particular, we make explicit the sense in which the asymptotic homology cycles are invariants of the flow and we use this invariance to offer a homological proof of the classical classification theorem for flows on the torus induced by one-parameter subgroups. Since we are restricting our attention to smooth flows we can use de 
Proof. Apply Birkhoff's ergodic theorem to the functions woi(V), where V is the vector field inducing $. Q.E.D.
We conclude with the following comments. Taking the union of all homology directions for all closing sequences, for all nonwandering points of q we obtain Do , a compact nonempty set in DM. Fried then proves several theorems relating Do, to cross-sections of the flow. The strength of the approach to asymptotic homology through homology directions is that it is clearly an invariant of topological equivalence (since DO, = DO, if c' is any reparametrization of $), and the existence of Do, does not depend on $ being measure-preserving. On the other hand, to show the uniqueness almost everywhere of asymptotic homology one needs measure-preserving flows and the ergodic theorem (but see [Rh] ), and besides one might be interested in conjugacy questions, where the parametrization is used. The two approaches are complementary, and it would be useful to generalize as far as possible both approaches, in any development of asymptotic homotopy.
(2) if f: M -+ M is a continuous function, we suspend f and obtain a continuous semiflow on (MxI , 3. H1-DERHAM THEORY For F any finitely generated group, the Malcev completion is a collection of homomorphisms into a tower of nilpotent Lie groups satisfying certain properties. This notion is an extension of the tensor product F 0 R, which is usually defined only for abelian groups. The H1-de Rham theorem of Chen and Sullivan states that for a closed manifold M there exist Lie algebra valued 1-forms whose "Lie integrals" on closed paths give the Malcev completion of H1 (M). These integrals can be evaluated using iterated integrals in the sense of Chen. In what follows, (g, h) is the commutator ghgh-I h-for elements g and h in a group. If H and K are subgroups, then (H, K) is the subgroup generated by commutators (h, k), with h E H and k E K. Also recall that if A is a lattice in a nilpotent Lie group G (Definition 2.7), then G/A must be compact [R] . Malcev showed that any finitely generated, torsion free, nilpotent group is isomorphic to a lattice in a connected, simply connected nilpotent Lie group, and that isomorphisms (epimorphisms) of lattices in such Lie groups extend uniquely to isomorphisms (epimorphisms) of the Lie groups [M] . It follows that any finitely generated group has a Malcev completion which is unique up to isomorphism. Furthermore, isomorphisms (epimorphisms) of such groups induce isomorphisms (epimorphisms) of their Malcev completions in a functorial manner. The homomorphisms from a group to its Malcev completion are natural with respect to those functors.
Note that N2 is F/(F, F) 0 R, the abelianization of F tensored with R. N2 is also equal to N3/(N3, N3), the abelianization of N3.
3.2. Lie integration of Lie algebra valued 1-forms. We will now define indefinite and definite integrals of Lie algebra valued functions and 1-forms. We call these integrals "Lie integrals" to distinguish them from the ordinary "additive" integral which treats the Lie algebra as a vector space. Such integrals are also referred to in the literature as "product integrals" [DF] . 
ASYMPTOTIC LIMITS AND AVERAGES IN NILPOTENT LIE GROUPS
The average of an infinite sequence in the abelian Lie group Rn is given by an asymptotic limit of its partial sums. That is AvJt = lim 1 Et=, a, where s E Z. For a connected, simply connected, 2-step nilpotent Lie group N, we define an average of an infinite sequence of elements to be the "asymptotic limit" of its partial products. The average, in this sense, of a periodic sequence gives the expected result. We similarly define the average of {3t E L(N)lt E R}, a family in the Lie algebra L(N), in terms of the asymptotic limit of the family {gt E Nit E R, gt = L f Ys }. We have not yet determined the appropriate definition of the asymptotic limit for n-step nilpotent Lie groups, where n > 2 (this restriction is explained in ?5). 
Preliminaries. A group F is 2-step nilpotent if 23(F) -(, (F, r)), the third term in its lower

Definitions of Alim and average. The following definition makes precise the notes of a family of elements being asymptotic to a one-parameter subgroup.
As is usual in this paper, lim denotes the limit as t -+ oo.
Definition 4.3 (Alim and average). If gt is a sequence (t E Z) or family (t E R) in N then:
(a) =_ lim-k/t E N is the abelian asymptotic limit. Note that in the following formula we first compute the abelian asymptotic limit and then use that result to compute Alim. We can then express the asymptotic homotopy cycle p(a) as Alim(a t), the asymptotic limit of its homotopy images. Since we showed while proving (a) above that (aIt) = wt, the correction term 
Proof. Let (p, g) and (q, h) be points on the same leaf of Y. We need to showthat f#(p, g) = (f(p), fp (g))_ (p', g') and f#(q, h) = (f(q), fq
FLOWS ON HEISENBERG MANIFOLDS
In this section we characterize all measure-preserving flows on Heisenberg manifolds, and then we restrict to those measure-preserving flows which are lifts of flows from the 2-torus. We use standard techniques. 7.1. Measure-preserving flows on Heisenberg manifolds and tori. The Heisenberg group is the only three-dimensional connected, simply connected, nonabelian, nilpotent Lie group. It is often represented as the space of 3 x 3 matrices with zero below the diagonal and one down the diagonal. However, for most of our purposes, we prefer to consider the isomorphic "pullback group" (Definition 4.2, Lemma 4.1) obtained by using the exponential map to transfer to the Lie algebra the group structure of the matrix group. Therefore the Heisenberg group, H, will be the set of elements (x, y, z), where x, y, and z are in R, with a topology as in R3, and with group multiplication given by the rule Recall that Malcev [M] showed that isomorphisms of lattices in simply connected nilpotent Lie groups extend to isomorphisms of the Lie group. Thus every Heisenberg manifold is affinely equivalent (Definition 2.9) to a standard Heisenberg manifold. In what follows we state our results for standard Heisenberg manifolds, since, via the affine equivalence, they can easily be translated to any Heisenberg manifold.
For the remainder of this section we will use the following assumptions and notation. homomorphism (x, y, z) |-4 (x, y)  is the abelianization of H, we have ,u = (,u1, [U2) (Proposition 4.2) . Also recall that the Lie bracket in L (H) is given by [(a, b, c), (a', b', c')] = (O, 0, ab' -a'b) .
Convention. M = F\H is a standard
Q.E.D. We now consider the special case where M = F\H is a Heisenberg manifold (Definition 7.1). The following Corollary shows that when M is a Heisenberg manifold, the asymptotic homotopy of a curve on M can be easily expressed in terms of its lift to H.
Our We may now easily pass from the velocity vector v(t) to the coordinates x(t), y(t), and z(t) of the geodesic. By using the definitions of XI, X2, and X3, we obtain xc = vi, y = v2, and z = V3 + I(xv2 -yVI). If c :$ 0, then the point (x, y) rotates with constant speed around a circle of radius R = R/(IcIO2). This circle starts at (0, 0) and the period P is 27r/(ICIg2). Now notice that we can write z = c + I(xy -yxc) = c + A, where A(t) is the signed area swept out by the vector (x(t), y(t)) in time t. Therefore, z(t) = ct + A(t). If c = 0, we obtain x = at, y = bt, and z = 0.
We now need to determine the asymptotic limit of the geodesic gt -(x(t), y(t), z(t)) . We use the formula p We can now substitute into the expression for u12 and obtain 
ASYMPTOTIC HOMOTOPY DISTINGUISHES REGULAR HYPERCIRCULAR FLOWS
In this section we discuss "regular hypercircular" flows on standard Heisenberg manifolds. These flows are a class of lifted measure-preserving flows for which asymptotic homology and homotopy are defined everywhere. They all have the same asymptotic homology, but differences in asymptotic homotopy allow some of them to be distinguished up to topological equivalence.
We have previously used the fact that a Heisenberg manifold is a circle bundle over the 2-torus (?7. F(x, y, z)) = (1, 0, T(y) ).
At every point in M, the asymptotic homology We will distinguish regular hypercircular flows by using the homotopy foliation (?6). Observe that as a direct consequence of Remark 9.1 and Lemma 9.2 we obtain a weaker version of Theorem 9.1 in which "topological equivalence" is replaced by "topological conjugacy." To deal with topological equivalences we need to understand the effect of reparametrization on the disconnecting set. 
